


f e a t u r e s  b y  t h e  f e w  p a r a m e t e r s  n e e d e d  b y  t h e
def in i t ion of  the stochast ic process is appreciable
are l ikely to be represented most effect ively using
stochast ic models . To use signal processing
terminology, an object  where the noise/s ignal  rat io
i s  h i g h is  a good candidate. I t  should be noted,
however,  that  the stochast ic process might model
what  a t  f i rs t  appears to  be s ignal .

The stochast ic  process to  be used can have two
kinds of or igin:

- I t  can be a legi t imate mathemat ical  model  of
the phenomenon to be modeled. A model in
computer graphics is not normal ly required to
be a mathemat ica l  model ,  b u t  of  course i t  does
n o t  h u r t  i f  i t  i s . The example given below for
terrain fal ls into this category.

- T h e  s t o c h a s t i c  p r o c e s s  c a n  b e  e m p i r i c a l l y
chosen, wi th  the parameters  determined to  f i t  a
part icular  appl icat ion. Techniques need to be
developed which employ some sort  of  canonical
stochast ic  processes,  to be used in stochast ic
approximat ion the same way power funct ions,  for
example, are used in curve f i t t ing.

S i n c e  t h e  s t o c h a s t i c p r o c e s s  u s e d  c a n  b e
analyt ical ly def ined, a l l the t rad i t iona l
algor i thmic techniques can be considered to compute
the sample  paths . One of the most effect ive for
d i s p l a y  p u r p o s e s  i s  t h e  r e c u r s i v e subdiv is ion
technique, introduced by  Catmull  [4]  for parametr ic
patches, and most  notab ly  used  by  Clark [6]  and
Lane and Carpenter  [ 1 2 ] . The same technique can be
used in the context  of  stochast ic model ing,  and the
advantages are even more important  here:

-The depth of the recursion wi l l  be control led
by the on-screen resolut ion, g i v i n g  t w o
important  benef i ts . We never “ r u n - o u t ”  o f
deta i ls , s ince the process can always generate
new data as we c lose- in . We never produce more
detai ls than necessary, therefore the
computat ional e f f o r t  i s always commensurate
with the on-screen image complexity.

-The basic computat ional  step in the recursive
subdiv is ion uses  an interpolat ion formula.

I n t e r p o l a t i o n  f o r m u l a e  a r e  i n  g e n e r a l  m u c h
e a s i e r  t o compute than incremental  ones,
especial ly a mid-point  interpolat ion, therefore
further lowering the computat ional cost.

T o  d i s c u s s  t h e  p r a c t i c a l i s s u e s  i n more
d e t a i l ,  w e w i l l consider the s p e c i f i c case of
stochast ic surfaces. In this case, we wish to
def ine a surface descr ipt ion which is stochast ic in
nature rather than determinist ic. At the same time
i t is  desirable to maintain the nice propert ies of
the parametr ic models current ly most u s e f u l  i n
computer graphics. It is natural , t h e n ,  t o
consider functions o f the form
X(u,v)=P(u,v)+R(u,v,w), where P(u,v) is a
vector-valued polynomial  in u and v ,  and R(u,v,w)
is a vector-valued random function on  the sample
space W, wEW_. T h u s ,  X(u,v) i s  a  t w o - d i m e n s i o n a l
stochast ic process which we call a stochast ic
sur face  function. I n t u i t i v e l y ,  P(u,v) p r o v i d e s  a
way of defining the overal l  position  of the curve
w h i l e  R(u,v,w) c a u s e s  a  s t o c h a s t i c  v a r i a t i o n  i n
t h a t  p o s i t i o n over the range of  the parameters  u

and v.

R(u,v,w) is wr i t ten as a funct ion of  both the
sample space and the surface parameters because we
want the stochast ic element to be tied to the
surface. I n  p r a c t i c e , this is achieved by using
the pseudo-randomness of  the var iables generated in
the computer  , and here the pseudo-randomness is
necessary. BY making the s e e d s  o f the
pseudo-random number generator used (or the entry
addresses i f  a table look-up is  used) a funct ion of
the surface parameters,  the reproducibi l i ty of  the
stochast ic e lement is  ensured.

S i n c e  p a t c h e s  a r e  n o r m a l l y  u s e d  t o  m o d e l
cont inuous surfaces, various orders of continuity
wi l l  have to be achieved, and here a g a i n  t h i s  i s
easi ly accompl ished since the stochast ic element is
a funct ion of  the surface parameters.

In the expression given above, the stochast ic
element e x p l i c i t l y  a f f e c t s t h e  p o s i t i o n of the
surface in space. In a s imple case,  th is  would be
a sca la r mult ip l ied by the vector normal to the
determinist ic surface. But the same method can be
used t o  m o d i f y  t h e  s u r f a c e  i l l u m i n a t i o n ,  o r  t h e
surface normal i tsel f  as in C31.

I t  i s  i m p o r t a n t  t o  r e a l i z e t h e  d i f f e r e n c e
between this approach and ordinary texture mapping.
The main drawbacks of  texture mapping,  i  .e . the
appearance of macropatterns,  the lack of  dynamism
( t o o  m u c h  o r  n o t  e n o u g h  r e s o l u t i o n ) ,  a n d  t h e
matching problems at  the edges of  the texture t i les
al l  d isappear.

We wi l l  now present a speci f ic example of  the
appl icat ion of  stochast ic surfaces.

3. STOCHASTIC MODELING OF TERRAIN 

In 1968, B. Mandelbrot  and J. van Ness
introduced the term “fract ional Brownian  mot ion”
( w h i c h  w i l l  b e  a b b r e v i a t e d  t o  fBm)  t o  d e n o t e  a
f a m i l y  o f one-dimensional  Gaussian stochast ic
processes which provide useful  models for many
natura l time ser ies [ 1 6 ] . Since then,
mul t id imensional e x t e n s i o n s  o f  fBm have been
studied by Mandelbrot  as models of  a wide range of
natural phenomena, including in part icular terrains
( in two dimensions) and the isosurfaces (posi t ions
in space at which some parameter has equal value)
o f  t u r b u l e n t  f l u i d s  [14],  [15].

W e  g i v e  a  b r i e f  d e s c r i p t i o n  o f  fBm i n  t h e
one-dimensional case. Let  u be a real  parameter
such that  -m<u<m,  and le t w be the s e t  o f a l l
v a l u e s  o f  a random funct ion taken from a sample
space W. Ordinary Brownian  mot ion, B(u,w)  is a
rea l random funct ion wi th independent  Gaussian
i n c r e m e n t s  s u c h  t h a t  B(u  +A,w)-B(u  ,w) has  mean
zero and v a r i a n c e  1 a n d  B(u,,w)-B(u,,w)  i s
i n d e p e n d e n t  o f B( u, ,w)-B(  us ,w) . whenever the
intervals (ul,uZ)  and  (u,,u,)  do not  over lap.  Let
H be a real  parameter such that  0<H<1  and le t  b.  be- -
an arbi trary rea l number. The random funct ion
BH(u,w), cal led reduced fract ional  Brownian  mot ion,
is def ined by:

BH(O,w):b,
BH(u,w)-BH(O,w)=  l/r(H+0.5)x

(~~_C(u-s)H-‘5-(-s)H-‘5ldB(s.w)+~~(u-s)H-’5dB(s,w))
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