


features by the few parameters needed by the
definition of the stochastic process is appreciable
are likely to be represented most effectively using
stochastic models. To use signal processing
terminology, an object where the noise/signal ratio
is high is a good candidate. It should be noted,
however, that the stochastic process might model
what at first appears to be signal.

The stochastic process to be used can have two
kinds of origin:

-It can be a legitimate mathematical model of

the phenomenon to be modeled. A model in
computer graphics is not normally required to

be a mathematical model, but of course it does
not hurt if it is. The example given below for
terrain falls into this category.

-The stochastic process can be empirically
chosen, with the parameters determined to fit a

particular application. Techniques need to be
developed which employ some sort of canonical
stochastic processes, to be used in stochastic
approximation the same way power functions, for

example, are used in curve fitting.

Since the stochastic process used can be
analytically defined, all the traditional
algorithmic techniques can be considered to compute
the sample paths. One of the most effective for
display purposes is the recursive subdivision
technique, introduced by Catmull [4] for parametric
patches, and most notably used by Clark [6] and
Lane and Carpenter [12]. The same technique can be
used in the context of stochastic modeling, and the
advantages are even more important here:

-The depth of the recursion will be controlled

by the on-screen resolution, giving two
important benefits. We never “run-out” of
details, since the process can always generate

new data as we close-in. We never produce more
details than necessary, therefore the
computational effort is always commensurate
with the on-screen image complexity.

-The basic computational step in the recursive
subdivision uses an interpolation formula.
Interpolation formulae are in general much
easier to compute than incremental ones,
especially a mid-point interpolation, therefore
further lowering the computational cost.

To discuss the practical issues in more
detail, we will consider the specific case of
stochastic surfaces. In this case, we wish to
define a surface description which is stochastic in
nature rather than deterministic. At the same time
it is desirable to maintain the nice properties of
the parametric models currently most useful in
computer graphics. It is natural, then, to
consider functions of the form
X(u,v)=P(u,v)+R(u,v,w), where P(u,v) is a
vector-valued polynomial in u and v, and R(u,v,w)
is a vector-valued random function on the sample
space W, weWe Thus, X(u,v) is a two-dimensional
stochastic ~ process which we call a stochastic
surface function. Intuitively, P(u,v) provides a
way of defining the overall position of the curve
while R(u,v,w) causes a stochastic variation in
that position over the range of the parameters u

and v.

R(u,v,w) is written as a function of both the
sample space and the surface parameters because we
want the stochastic element to be tied to the
surface. In practice, this is achieved by using
the pseudo-randomness of the variables generated in
the computer , and here the pseudo-randomness is
necessary. By making the seeds of the
pseudo-random number generator used (or the entry
addresses if a table look-up is used) a function of
the surface parameters, the reproducibility of the
stochastic element is ensured.

Since patches are normally used to model
continuous surfaces, various orders of continuity
will have to be achieved, and here again this is
easily accomplished since the stochastic element is
a function of the surface parameters.

In the expression given above, the stochastic
element explicitly affects the position of the
surface in space. In a simple case, this would be
a scalar multiplied by the vector normal to the
deterministic surface. But the same method can be
used to modify the surface illumination, or the
surface normal itself as in C31.

It is important to realize the difference
between this approach and ordinary texture mapping.
The main drawbacks of texture mapping, i .e. the
appearance of macropatterns, the lack of dynamism
(too much or not enough resolution), and the
matching problems at the edges of the texture tiles
all disappear.

We will now present a specific example of the
application of stochastic surfaces.

3. STOCHASTIC MODELING OF TERRAIN

In 1968, B. Mandelbrot and J. van Ness
introduced the term “fractional  Brownian motion”
(which will be abbreviated to fBm) to denote a
family of one-dimensional Gaussian stochastic
processes which provide wuseful models for many
natural time series [16]. Since then,
multidimensional extensions of fBm have been
studied by Mandelbrot as models of a wide range of
natural phenomena, including in particular terrains
(in two dimensions) and the isosurfaces (positions
in space at which some parameter has equal value)
of turbulent fluids [14], [15).

We give a brief description of Bm in the
one-dimensional case. Let u be a real parameter
such that -=<u<e, and let w be the set of all
values of a random function taken from a sample
space W. Ordinary Brownian motion, B(u,w) is a
real random function with independent Gaussian
increments such that Bu +A,w)-B(u ,w) has mean
zero and variance and B(u,,w)-B(u,,w)is
independent of B( ,w)-B( W) whenever the
intervals (u,,u,) and (us,u,) do not overlap. Let
H be a real parameter such that 0<H<l and let b, be
an arbitrary real  number. The random function
By(u,w), called reduced fractional Brownian motion,
is defined by:
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